In 1963, Brunel2 obtained a remarkably simple proof of the Chac6n-Ornstein theorem by means of a striking maximal ergodic lemma. Unfortunately Brunel's proof of the lemma itself was quite intricate. For this reason, since the appearance of Brunel's paper, several attempts have been made at obtaining a more revealing if not simpler proof of Brunel's inequality (see, for instance, the works of Akcoglul and Meyer8). In this note we shall present a new proof of Brunel's lemma which seems to be less forbidding than the above-mentioned ones.
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To state and prove the result we need some notation. Let (Rj,f,,u) be a measure space, T be a linear operator that is a positive contraction of L1(Q,,) into itself, and let S denote the operator adjoint of T.
For each E E 5, Brunel introduces the sequence of bounded functions defined by the recurrent relations 4E(0) = XE W))E(n) = XE V SE(-1), (1) where XE is the indicator of E. It can be easily verified that for all n > 1 XE < I 1 < 'PE(n) < 1. Thus the limit function jIx exists and satisfies the relation OL = XE V S#E. (2) There is another way of expressing #JJE which is of great importance to us here and which we learned from L. Baez-Duarte. This is as follows. We introduce the operator VE which acts on L. functions according to the formula VEh = XCESh Vh E£ L. where XCE denotes the indicator of the complement of E. It is easily seen that the relations (1) are then equivalent to 4f (-) = XE + VEXE + ... + VEnXE. (4) Combining (3) and (4) The latter hypothesis is rather cumbersome and tends to hide the real origin of the lemma. The form given above is due to Akeoglu.
What led us to the present proof was the discovery that Brunel's result is none other than a particular case of Hopf's maximal ergodic lemma. Indeed, the latter result can be stated in the following (only apparently) more general form.
HoPF's MXIAXIMAL ERGODIC LEMMA. If T is a positive bounded linear operator of L1 into itself and 41 is a positive bounded function satisfying the inequality S p < Ap, (8) awhere S is the adjoint of T, then for every f C Li we have fr fpdAu > 0, Since 41/B clearly satisfies (8) (see (2)), to get (7) as a sequence of (9) it would be sufficient to show that /4 = 0 outside E(f). It turns out that more is true. Indeed, as soon as the relation f + Tf + . . . + Tnf > 0 holds infinitely often in a set E, then it can be shown that it will necessarily hold infinitely often throughout the support of 4El
However, for reasons of simplicity we shall follow a slightly different path here. The reader is referred to a forthcoming article' for a detailed exposition of the above line of reasoning. Our proof here hinges on two basic tools: namely, on Hopf 
infinitely often in E, where 4D > 0 is in L1 and e is some fixed positive number. Indeed, if f satisfies (6), then the functionf + E cJ satisfies (11), and if we have
for all e > 0, then (7) must necessarily follow. Chac6n's identification of the limit' can be deduced in a straightforward way from Brunel's lemma, a combination of the contents of references 5, 7, and 9 and the present paper gives a fairly accessible and complete account of this branch of ergodic theory.
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